model of the pseudo-homogeneous, one-dimensional cooled tubular reactor is applied to a multiple-reaction network. It is demonstrated for a network which consists of two parallel and two consecutive reactions. Three criteria are developed to obtain an integral yield which does not deviate more than a chosen fraction from the maximum yield that can be obtained in an isothermal reactor. The criteria enable us to choose relevant design and operating conditions for the safe execution of a reaction network in a tubular reactor. The method is illustrated for the production of maleic anhydride by air oxidation of benzene. The dimensionless groups describing the reaction system are K, p, H and ip.
The dimensionless group U*(O,,--0,)/O,, is representative for the ratio of the heat withdrawal rate and the maximum heat production rate; it only depends on the reactor design and operating variables. The other dimensionless group describing the reactor performance is Da, a dimensionless residence time in the reactor. At the right-hand side only properties of the reaction system (and not of the reactor)and the desired yield or selectivity appear. O,, as a maximum allowable temperature is a constraint which is governed by the desired yield or selectivity.
The dimensionless groups describing the reaction system are K, p, H and ip.
Since the method works in the case of parallel as well as consecutive reactions, more complex systems combining both reaction types can be studied as well. In this study we will discuss the design and operation of a cooled tubular reactor for a combination of such reactions. To this end we have chosen the following network of first-order exothermic reactions, where P is the desired product and the rate constants are of the Arrhenius type:
Y Since this reaction system consists of parallel and consecutive reactions it will behave like systems with either parallel or consecutive reactions, e.g. because ofthe consecutive reaction there will always be an optimal residence time and, because of the parallel reaction, the differential selectivity will always be less than one. In case only exothermic reactions are carried out the temperature will initially increase along the reactor tube, reach a maximum in the hot spot and afterwards decrease due to the heat exchange with the cooling medium. The optimal residence time or reactor length at a given reactor load depends on the shape of the temperature profile. Westerterp and Westerink (1988) discussed the reaction system according to scheme (1) in case the reactions were carried out in a tank reactor. They discussed the relevant kinetic parameters and showed that the ratios of the activation energies, Ex/E, and Sk all reaction rates k, to the right of point a are acceptable. As soon as some P has been formed the consecutive reaction has also to be taken into account. For a certain yield of X,the ratio k,/k, has to be larger than say a factor R. This implies that the reaction rates k,always have to be higher than indicated in Fig. 1 and that only reaction rates left of point b are acceptable. In order to achieve the desired selectivity the reactor temperature T must be in the range of T, < T < To. We can understand that the higher our selectivity or yield requirements the smaller our allowable temperature range of T,-T, will be.
The method of deriving the relevant dimensionless groups has been discussed by Westerterp and will not be repeated here. These groups are based on a reference reaction rate constant k, taken at a reference temperature T,. In our case we take this temperature, where both rate constants k, and k, are equal; here k, and T, are true constants based on the particular reaction system only. The dimensionless groups p, 4, B, jp, Z+, and H, are representative for the reaction system considered and U*, Da, aad, 0, and 0, are representative for the operating and design variables. We refer to the Notation for their significance.
We must discriminate between reactor sections in which non-converted reactants can be recovered or not. In case recovery is possible the reactants are recycled to the inlet of the reactor. For our particular system in that case the reactor must operate at high selectivities and low conversions whereas the reactor design and operating conditions chosen are dominated by plant economics only. This case will not be discussed here (Westerterp and Ptasinsky, 1984a. b; Westerterp et al. 1984a; Westerterp and Overtoom, 1985; Westerterp and Westerink, 1988). In the case when no recovery is possible a maximum yield should be aimed at, hence we will discuss the design of a tubular reactor in which a certain minimum required yield has to bc achieved. In the next sections we will introduce the basic equations that govern the conversion and temperature profiles in a cooled tubular reactor based on the pseudo-homogeneous onedimensional model. Next we will introduce a new type of conversion parameter that appears to be useful in case schemes with consecutive reactions are studied. Using this parameter selectivities in relation to isothermal and non-isothermal tubular reactors are discussed. Afterwards we will use the theory of isothermal reactors to formulate temperature regions for a nonisothermal tubular reactor that ensures a desired yield. Finally we will develop criteria that lead to the design of a tubular reactor in which this desired yield can be achieved. We will illustrate our method with an example..
BASIC EQUATIONS
In our tubular reactor the reactions of scheme (1) occur. In that reaction network A is the reactant, P the desired product and X and Y are undesired byproducts. All reactions are first-order and irreversible. The conversion rates are given by: concentration gradients. Moreover, we assume the temperature of the cooling medium to be constant along the tube length and the physical and chemical data Ps, C)br C,, and -AH to be independent of temperature. These assumptions lead to the following heat and mass balances for this type of reactor: (8)
(IO)
Here the following dimensionless groups or variables are used:
Because of eq. (7) relations (8)-(12) are interrelated and this set of five can be reduced to a set of four equations by dividing each equation by dXJdZ: x,=0
x,=0
x,=0.
CHOICE OF A CONVENIENT CONVERSION PARAMETER
The term X p/( 1 -X,) appears in the mass balances for P and X as well as in the differential equation describing the reactor temperature profiles. Later on we will discuss the differential selectivity in both isothermal and non-isothermal reactors. Since the differential selectivity S'r = dX,/dX, is given by eq. (13) it is convenient to use the term X,/(1-X,) instead of X,. Since X, increases along the reactor length, the term X,/(1 -X,) must increase along the reactor length to be a suitable replacement for X A, so that dCX,/(l - 
We have to realize that in view of the consecutive character of the reaction A -P + X we have to stop the reaction as soon as dX JdX ,, = S, = 0, otherwise we pass the point of the maximum yield of P. In our region of interest of Sr. > = 0 the right-hand side of eq.
(17) is positive, so that X J( 1 -X A) increases continuously. The term X,/(1 -X,) can be used as long as it increases with increasing X,. Beyond the maximum of X, the value of S', is negative because there is a net consumption of P. Still eq. (17) can be used up till -S'p has become equal to X J( 1 -X ").
CURVES OF CONSTANT DIFFERENTIAL SELECTIVITY
The differential selectivity Sk as described by eq. (13) can be studied in a two-dimensional plot of 0 vs X J( 1 -X,) with S', as a parameter. Equation (13) can be rewritten as
Differential isoselectivity curves of 0 vs X,/(1 -X,) are plotted in Fig. 2 for several values of Sk. Apparently for each Sk (> 0) value a maximum value of X,/( 1 -X,) exists. In the previous paragraph we showed that X ,,/( 1 -X A) increases with increasing X A as long as S'r > 0, so at the maximum value of X./(1 -X,) the conversion X, has also reached its highest value for a constant value of Sp. The yield of P is related to the conversion of A by multiplying the latter by the integral selectivity or in the case of constant differential selectivity by the differential selectivity S>. Hence for a given differential selectivity the maximum yield is achieved at the maximum of X,/(1 -X,). Using these maxima it is possible to derive an optimal temperature profile. Starting at low temperatures and high selectivities the profile passes through the maxima: this profile will lead to the absolute maximum yield since for each differential selectivity the maximum contribution to the integral yield is obtained. As can be concluded from this optimal profile it is not possible to achieve a yield arbitrarily close to 100 % as was possible in case of either only parallel or only consecutive reactions (Westerterp and Ptasinsky, 1984a, b; Westerterp et al., 1984a; Westerterp and Overtoom, 1985) . Also this optimal temperature profile cannot be achieved in practice since in that case the optimum reactor temperature increases from 0 K up to infinity. We have to realize that in Fig. 2 the vertical scale covers a range of 0.4 T,1.6 T,, whereas T, usually has values of 40&1OOOK. In this plot T, = 848 K. Even a part of this optimum profile is hard to approach because also runaway has to be prevented. In practice because of the prevention of runaway the reactor will operate in a rather narrow temperature range, almost isothermally. Hence, instead of optimal temperature profiles optimal isothermal reactors should be studied.
If the inlet temperature Q, equals the temperature of the cooling medium 0, and the highest temperature 0 ks is reached in the hot spot, the reactor will operate in between the isotherms 0, and Q,,.
THE BEHAVIOUR OF ISOTHERMAL REACTORS
The behaviour of isothermal reactors is described by eqs (13)( 15). In practice we are interested in the desired product P only, so that solving eq. (13) for a constant value of K gives us
With increasing conversions XAi, the yield Xpiso will initially increase, reach a maximum at Xpmax and beyond this maximum the yield will decrease. This is shown in Fig. 3 , where X,, is plotted vs X Aiso for a given set of kinetic parameters and for several temperatures. The maximum yield is reached when the differential selectivity has just become zero. Hence, using -Xp/(l-Xft) eq. (13):
Substitution into eq. (19) leads to
The maximum yield XPmax still depends on the temperature. Setting the derivative of eq. (21) with respect (20) to 0 equal to zero gives the following implicit equation to determine the optimal temperature at which the highest maximum yield X PcP, of all maximum yields X Pmax is achieved in an isothermal tubular reactor:
and ( 
At this residence time the reaction has to be stopped because otherwise there would be a net consumption of the desired product P.
THE BEHAVIOLJR OF NON-ISOTHERMAL REACTORS
The trajectory in a non-isothermal reactor is given by eqs (13) 
Using the relation X, = S,,,X,, we find that In these equations SPhs is the integral selectivity as achieved up to the hot spot. The integral selectivity will be a mean value of the achieved differential selectivities at the reactor inlet (X, = 0) and at the hot spot (X, = X &.
The differential selectivity is given by eq. (13); this relation will be used to estimate the integral selectivity in the hot spot. We will discuss several possibilities to estimate SPhs. Firstly we may substitute the differential selectivity at inlet conditions (X, = 0, 0 = Q,), which is, according to eq. (13):
The differential selectivity will always decrease in the first part of the reactor because of the increasing temperature and of the conversion of P. Hence, the integral selectivity in the first part of the reactor will be lower than S',(X,., = 0), so that the influence of the undesired reactions is underestimated. In case of strongly exothermic undesired reactions (H,, H, > 1) using S',(X, = 0) will lead to a too low value for the hot spot temperature. Secondly we can substitute the differential selectivity at the hot spot conditions:
In the hot spot both conversion and temperature are at their maximum values in the interval 0 < = X, < = XRhs. hence the differential selectivity is at a minimum value. Consequently we overestimate the heat production by the undesired reactions. Using S.,in the case when H x or H y > 1 leads to values for Q,, that are far too high.
As a third alternative, giving values of S,,, between S',(X, = 0) and S',(X, = XAhs), we studied 1 S p3= l+K;;'
We can easily verify that S,, < S,, < S,,. 1988) we demonstrated that a certain maximum allowable temperature should not be exceeded in order to achieve a desired yield or selectivity. We will apply the same method so a too high estimate for the hot spot temperature should be selected which means that the initial heat production should be overestimated in order to be on the safe side. Consequently it depends on the heat of reaction of the undesired parallel reaction whether we must over-or underestimate the selectivity. From numerical evaluation it appeared that S p3 gave the most accurate predictions.
The conversion due to the parallel reaction was slightly overestimated, hence S,, will be used only in the case when H y > 1. By doing so we are sure that we are on the safe side and that reactor temperatures will be lower than assumed. S,, will be used in case H ,, < 1. Using S,, leads to far too high values of the hot spot temperature in the case when H, > (27) enables us to calculate the locus of maxima curves in a O,,-XAhsor a O,,-X phs/( 1 -X Ah*) plot. Several locus curves are shown in Fig. 5 , in which also some trajectories are plotted for several values of V*, 0, and 0,. As can be seen, the slope of the trajectory outside the locus of maxima curve is positive while the slope is negative in the area enveloped by the locus of maxima curve. The locus of maxima curve is influenced by the reaction parameters jP. p. q. H x, H,and l3, and by two design and operating parameters, 0, and U*/@,,. U./Q d, the locus curves start to intersect the X, = 0 axis, as was the case for two parallel or two consecutive reactions. Two points of intersection are possible, the corresponding temperatures Oi, and 0, are indicated. In the case when the reactor is operated at an inlet temperature 0, which is lower than Q,, the reactor temperature will initially increase until the maximum temperature is reached on the lower branch of the locus curve; afterwards the temperature will decrease and eventually approach 0,. In case the inlet temperature is chosen between Oi,and Oi, the reactor temperature will decrease along the entire length of the reactor tube. As long as 0, -C Oi, no runaway will occur. In the case when the locus of maxima curve does not intersect the X A = 0 axis runaway is possible for any value of 0,: whether runaway occurs or not depends on the values of U* and 0,. This is demonstrated in Fig. 5 .
A CRITERION WHICH GUARANTEES A DESIRED YIELD
Until now we studied the possible yield in isothermal reactors and the temperature behaviour of non-isothermal reactors. Furthermore in the Appendix we proved that only one hot spot occurs in the case of our system of multiple exothermic reactions.
From Fig. 4 we can see that there is only one isothermal reactor temperature Oopr at which the maximum of the maximum yield is achieved. We called this the optimum yield X P0pt; for yields in isothermal reactors, lower than the optimum, two isotherms are possible to achieve equal maximum yield, one at a temperature higher and one at a temperature lower than Coopt_
In practice a reactor will not operate isothermally, so that the maximum isothermal yield cannot be obtained. The selectivity achieved is worse than the selectivity achieved under isothermal conditions due to the temperature profile in the non-isothermal reactor. In the case when the non-isothermal reactor operates in a temperature range below O,,, the optimal conversion, where the reaction has to be stopped and achieved at S', = 0, is lower than X.,,,; on the other hand at a temperature above a,,,, the optimal conversion is higher than XAopt, as can be seen in Fig. 2 .
We will now compare a non-isothermal reactor with two isothermal reactors. We assume that one isothermal reactor operates at @iow and the other one at Ohi+; furthermore we assume that the non-isothermal reactor operates above OLow = Q, = 0, and that for the hot spot temperature holds O,, = < O,+,. In the non-isothermal reactor the temperature will initially increase and if U* is sufficiently high the hot spot temperature O,, will remain below Ohis,,. Beyond the hot spot the temperature decreases and, for long reactors, will become almost equal to Olow at the outlet of the reactor. In both the non-isothermal reactor and the isothermal one the reaction has to be stopped as soon as S', = 0. For the isothermal reactor the reaction has to be stopped at point A in Fig. 2 . At point A XPiSO/(l -XAiso) for the isothermal reactor is equal to X J( 1 -X,) at point B, which corresponds to the nonisothermal reactor. For the non-isothermal reactor the conversion X A at point B will be higher because of the higher average temperature level. As a consequence X Pnon-iso< xPi~~ for xd(l-xA) = xf5~o/(1-xx,i~J~
Therefore we may conclude that a non-isothermal reactor that operates as indicated in Fig. 2 between two temperatures 0 ,ow and Ohis,, will not necessarily have a yield that is higher than XPmax (O,,,,,,) . not even if ahigh = O"@. This is a very important phenomenon which will be accounted for in the determination of our design criteria. Now assume that we aim for a certain yield X,. This yield is defined as the yield which does not deviate more than a chosen fraction d from the maximum obtainable yield X Popt. Hence X, >= (1-4X.,,,.
We state that there are two temperatures O,+ being the lowest required temperature, and a,.,,,, being the maximum allowable temperature, between which the reactor should operate in order to achieve a desired yield X,. In the ultimate situation O,i will equal O,, and the reactor has to be operated isothermally in order to achieve the desired yield.
We will use Figs 2 and 6 to define the lower (O&and upper (Q,) temperature limit in our tubular reactor. In order to operate at a high temperature level we assume that the minimum temperature O,i is equal to .6 Fig. 6 . Determination of the maximum allowable temperature 0 ,,and the minimum required temperature 0 mi. or higher than the optimal temperature aopt; meanwhile 0, should be chosen in such a way that X r,_,(O,,,t) is higher or equal to the desired yield X, since the yield achieved under non-isothermal conditions is always lower than the yield achieved under isothermal conditions. From Fig. 2 we can understand that for a constant value of X,/(1 -X,) the yield achieved at point B will be lower than the yield achieved at point A because of the higher conversion of  A at point 8, where point A is the conversion X,/(1  -X,) at which the lower isotherm reaches its maximum yield XPmax (O,i). In Fig. 6 X,/(1 -X,) with the yield and conversion calculated above. We intersect this line with the curve for isothermal yields in a reactor operating at 0, using eq. (19). The following values for Xpiso and X Aiso are used: xPiso= xPd and Equation (19) is solved for Q,,, and we use this temperature for the upper limit in our temperature region.
Using these limits we will derive design criteria for the tubular reactor that guarantee a required minimum yield.
THE FIRST CRITERION
In the previous paragraph it was shown that the reactor must operate between O,, and O,,. The minimum temperature Omi sets a lower limit to the coolant temperature 0,. We now will use the locus of maxima curves to formulate criteria for the design and operating variables that limit the hot spot temperature in such a way that it remains below O,,. 
The first criterion is derived from the locus curves intersecting the X A = O[orX,/(l-X,)=O]axis.We demonstrated that for 0, -C = 0, the reactor temperature is always below
From eq. (34) we can see that either 0, or Oi can be chosen freely, so that for a given value of 0, the point of intersection (SJ is fixed. Substitution of the maximum allowable temperature 0, into eq. (34) or (35) leads to a criterion that gives us the required coolant temperature or the required ratio U*/O,,,. It gives the lowest values of U*/O,,, for which the first criterion is adhered to but it only can be applied if 0, according to eq. (34) is higher than O,i because the minimum temperature in our reactor must-be higher than O,ias was stated before.
Using eq. (33) or (34) as the criterion for the design always leads to stable reactors because the temperature can never rise above the point of intersection Oi (= a,,). Also no estimated value of S, in the hot spot is required.
THE SECOND CRITERION
The second criterion is derived from locus curves that do not intersect the X, = 0 axis. The criterion is based on the property oftrajectories for stable reactors that a trajectory starts at its maximum slope dO/dX, at the inlet conditions: beyond the inlet the slope decreases due to the heat exchange with the cooling medium. Hence, our second criterion is based on the condition dO dX -C = (0 ma -@J/X Ama (36) " x,=0
as illustrated in Fig. 7 .
The slope dO/dX, is given by eq. (16) and XAma by eq. (26), substituting O,, for O,,. The required value for S, can be determined using S P, or S P3 as explained before. Substitution into condition (36) leads to the following expression for the second criterion: 
K,+K:
In the case when 0, equals 0, our second criterion simplifies to
It can be concluded from a comparison of the two criteria (33) and (38) that they differ in the term
This term is smaller than one for high yields, so this criterion is a less stringent version of the first one. However, to apply this criterion the integral selectivity S, has to be estimated using either S,, or S,,.
THE THIRD CRITERION
Assuming that no undesired product X has been formed and that no heat is withdrawn before the hot spot, the temperature rise in the reactor is given by 
After setting a maximum for the tube length in the reactor to be built, that is a maximum allowable residence time, and with the known value of O,, the value of 0, can be calculated. In practice the reactor operates at higher temperatures than 0, and the required yield will be reached before X,, so the actual residence time will be shorter than Da,,.
The shortest residence time in an isothermal reactor to reach the required yield is found for the highest possible temperature (Q,,), which leads to
In (1 -X.,).
Equations (41) and (42) (1) With these data the following correct the values chosen under (9). calculated:
AN EXAMPLE
In the previous sections we derived criteria that enable us to design a reactor that achieves a required yield. We will demonstrate the method by applying it to the industrial process of the oxidation of benzene with air to maleic anhydride.
One of the synthesis routes for the production of maleic anhydride is based on the direct air oxidation of benzene with a vanadium pentoxide catalyst. An excess of air is applied, but the reactant benzene cannot be recovered economically so the reactor must operate at high yields. The main by-products are CO, and H,O, which are formed according to is calculated with eq. (24). The results are listed in Table 1 . As can be seen from Table 1 yields close to the optimal yield X,, = 0.59 require extremely long residence times. We will accept residence times between 1 and 10 s and therefore aim for a yield of 48 y0 which can be achieved in an isothermal reactor operating at a temperature O,,, =0.94.
In Table 2 the maximum allowable temperature T,_is determined for several minimum temperatures T,i. Also the maximum allowable temperature rise is given as well as the longest possible residence time Da,, = Du(X,~, T,J to reach the yield X,.
It can be seen that in case of minimum temperatures close to the maximum allowable temperature the maximum residence times are relatively short but an almost isothermal operating reactor is required, which will lead to high values of U* and uneconomical reactor designs. On the other hand in case of large allowable regions the minimum temperature is low and therefore the required resi- dence time will be relatively long. Since we aim for residence times shorter than 10 s the minimum temperature should be T = 755 K or higher. Using the criteria we are able to calculate values of u*/@a, the results are listed in Table 3 . We estimated S, using Sp,. because H,= 1.77 > 1. From Table 3 practical values of the design and operating variables in order to achieve a desired yield. It should be mentioned that the method presented requires kinetic information about both undesired reactions and the desired reaction, and the required tube length, can be obtained by numerical integration only and that the method will work in case of first-order reactions only.
Also it was shown that for the scheme discussed in this paper it is not possible to design a safely operating reactor in which a network of reactions is carried out where 100°/O yield can be approached at will. 
NOTATION

APPENDIX
Introduction to multiple hot spots In previous studies criteria were developed that were based on the assumption that only one hot spot occurs. These criteria ensure that this hot spot temperature is not surpassed at any point in the reactor.
In the case when multiple reactions occur one may expect the possibility of more than one hot spot. For example two hot spots may occur in the case when two exothermic consecutive reactions are carried out: the first hot spot will be caused by the first reaction, and the second one will occur due to the second reaction.
The number and location of all hot spots that could possibly occur in the case when multiple reactions are carried out should be studied. We will use the reaction scheme presented as scheme (I) and discuss also the systems with either parallel or consecutive reactions, only putting the appropriate terms equal to zero. it is a maximum. We will use the second derivative to define the border between regions where maxima and minima occur.
Features of multiple hot spots
Model equations
In a tubular reactor which can be described by the pseudohomogeneous one-dimensional model, the temperature trajectories are fully determined by the following set of differential equations for the reaction system under consideration: 
Instead of studying this locus curve in a three-parameter space (0, X,, X,) we will consider the conversion X, in terms of XP/( 1 -X,)and study therelationina XP/(l -X,), 0 plane. The term X P/( 1 -X ,_,) was chosen because this term also occurs in the relation used to characterize the extrema. It was demonstrated already before that the conversion X, may be replaced by the term X,/(1 -X,) within a certain range of differential selectivities.
The locus of extrema
We will use the isothermal reactor operating at the temperature in the extremum O,,in order to obtain estimates of the values of X, in the extremum. The isothermal reactor is described by XP -=K+K;_BKsC(I-xX,)+l I-X, -(1 -X,)1.
After division by 1 -X, and some rearrangements this leads to 
For known values of U*/O,, and 0, eq. (f) gives us the relation between 0 and X d( 1 -X n) in the extrema, both for the minima and the maxima. Some of these extrema curves are plotted in Figs A3 and A4 (curves c, c,.and c,) . Inside the extrema curve the derivative dO/dZ IS negative so the trajectories decrease. while outside the curve the derivative is positive; hence there the trajectories will increase. We can see that for diminishing values of U*/O,, the curve of extrema separates into two branches (Fig. A4, curves c, and  c,) . Inside these branches dO/dZ is still negative so the trajectories will decrease in the inside region. In Figs 
Characterization of ail points on the locus of extrema
The second derivative of 0 with respect to Z will be used to characterize the extrema defined by relation (f ). The second Since only the sign of the second derivative in the extremum is of interest and furthermore in the extremum d@/dZ = 0 holds this relation can be rearranged to +HxBKq 2 ( )]
w From this equation we can easily see that for parallel reactions with BKq = 0 we have only maxima since d%/dZ* is always negative. As no minimum occurs there can be one hot spot only for parallel reactions.
